On cycles through a given vertex in multipartite tournaments  by Guo, Yubao et al.
ELSEVIER Discrete Mathematics 164 (1997) 165-170 
DISCRETE 
MATHEMATICS 
On cycles through a given vertex in 
multipartite tournaments 
Yubao Guo, Axel Pinkernell, Lutz Volkmann* 
Lehrstuhl H fiir Mathematik, RWTH Aachen, 52056 Aachen, Germany 
Received 20 December 1994; revised 23 May 1995 
Abstract 
An n-partite tournament is an orientation of a complete n-partite graph, and an m-cycle is a 
directed cycle of length m. If D is a strongly connected n-partite tournament with the partite 
sets V1, V2 .... , V,, and v an arbitrary vertex of D, then we shall prove the following statements. 
• The vertex v is contained in a longest cycle. 
• If n >~ 3, then v belongs to an m-cycle or (m + l)-cycle for all m E {3,4 . . . . .  n}. 
• I fn  i>4 and IV/I ~>2 for i = 1,2 . . . . .  n, then v belongs to an (n+ 1)-cycle or (n + 2)-cycle. 
As easy consequences, we obtain known results of Bondy (1976), Ayel (1981), and Gutin 
(1984). 
1. Introduction 
An n-partite or multipartite tournament is an orientation of a complete n-partite 
graph. A tournament is an n-partite tournament with exactly n vertices. 
The vertex set and the arc set of a digraph D are denoted by V(D) and E(D),  
respectively. By a cycle (path) we mean a directed cycle (directed path). An m-cycle 
is a cycle of  length m. I f  xy  is an arc of a digraph D, then we say that x dominates y. 
More generally, if A and B are two disjoint subdigraphs of D such that every vertex of 
A dominates every vertex of B, then we say that A dominates B, denoted by A ~ B. 
The outset N+(x,D)  = N+(x)  of a vertex x is the set of  vertices dominated by x, and 
the inset N-(x ,D)  = N- (x )  is the set of vertices dominating x. 
One of  the most important heorems in the theory of tournaments with significant 
impact, presented by Moon [11] in 1966, says that every strong tournament T is vertex 
pancyclic, that means that every vertex is contained in an m-cycle for all m between 3 
and I V(T)J. Ten years later, Bondy [1] proved the following very interesting result: 
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Every strongly connected n-partite (n ~> 3) tournament contains an m-cycle for all 
m E {3,4 . . . . .  n}. 
In 1991, Goddard and Oellermann [4] have shown that every vertex of a strongly 
connected n-partite (n i> 3) tournament is in a cycle that contains vertices from exactly 
q partite sets for all 3 ~< q ~< n. Gutin [8] proved in 1993 that if D is a strong n-partite 
(n/> 3) tournament, and if v is the only vertex in one of the partite sets, then D has 
an m-cycle containing v for every 3 ~< m ~< n. It is easy to see that the last two results 
are extensions of the theorem of Moon. Recently, Guo and Volkmann [5] proved the 
following generalization f the aformentioned results of Bondy [1] and Gutin [8]. Every 
partite set of a strong n-partite (n/> 3) tournament has at least one vertex which lies 
on an m-cycle for all m E {3,4 . . . . .  n}. 
Furthermore, if D is a strong n-partite (n/> 5) tournament with IV/I f> 2 for all 
i = 1,2 . . . . .  n, then Bondy [1] showed in 1976 that there exists an m-cycle with m > n, 
and Gutin [7] even proved in 1984 that D has an (n+l) -  or (n+2)-cycle. Very recently, 
Guo and Volkmann [6] have characterized all such n-partite tournaments without an 
(n+ 1 )-cycle. This result represents a complete solution of a twenty years old problem of 
Bondy [1]. From this characterization it follows immediately that if D has no (n + 1)- 
cycle, then every vertex lies on a k-cycle for all k satisfying 3 <~ k <<. d(D), unless 
k--- 1 (modn), where d(D) denotes the diameter of D. 
For additional informations on multipartite tournaments, the reader is referred to the 
survey article of Gutin [9]. 
If D is a strongly connected n-partite tournament with the partite sets V1,/12 .. . . .  Vn 
and v an arbitrary vertex of D, then we shall show in this paper first that v is an 
element of a longest cycle; second, that v is contained in an m-cycle or (m + 1)-cycle 
for all m E {3,4 . . . . .  n}, if n ~> 3; and third, that v belongs to an (n + 1)-cycle or 
(n + 2)-cycle, if n/> 4 and III/I /> 2 for all i = 1,2 . . . . .  n; respectively. 
2. Preliminary results 
In the following we shall assume that subscripts are taken modulo n or modulo m, 
apart from a few obvious exceptions. 
Lemma 2.1 (Goddard, Kubicki, Oellermann and Tian [3]). Let D be an n-partite 
(n >/3) tournament. I f  v is a vertex of  D that belonos to a cycle, then v is con- 
tained in a 3-cycle or in a 4-cycle o f  D. 
Lemma 2,2. Let C be an m-cycle o f  a strong n-partite tournament D. I f  there exists 
a vertex y E V(D) - V(C)  with N+(y)M V(C)  = 0 (or N-(y )M V(C) = 0), then the 
vertex set V(C)  is contained in an (m + 1)- or (m + 2)-cycle. 
Proof. Assume, without loss of generality, that N+(y) f3  V(C)= 0 and let C = 
vlv2 ...VzVl. Since D is strong, there exists a shortest path ylY2 ...Yq from y = Yl to 
the cycle C with q/> 3. Suppose, without loss of generality, that yq = v3. 
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If  v 2 and yq-2 are in different partite sets, then v2 --~ yq-2 and hence V(C) is 
contained in the (m + 2)-cycle vlv2Yq-2yq-lV3... VmVl. I f  v2 and yq-z are in the same 
partite set, then v2 and Yq-1 and also v~ and yq-2 are in different partite sets. In the 
case v2 ~ yq-l,  all the vertices of  C belong to the (m + 1)-cycle Vlv2yq-lV3...VmVl, 
and in the case yq-i ~ v2, the set V(C) is contained in the (m + 2)-cycle 
VlYq-2Yq- lVZV3 ...VInYl. [] 
Lemma 2.3. Let D be a strong n-partite (n >~ 3) tournament. I f  C is an m-cycle 
of D that contains vertices of at most (n - 1) partite sets, then the vertex set V(C) 
is contained in an (m + 1)- or (m +2)-cycle. 
Proof. Let VI,V2 . . . . .  Vn be the partite sets of D and let C = VlV2...VmV 1. Assume, 
without loss of  generality, that V(C) A Vn = 0 and choose a vertex y E Vn. 
I f  V(C)~ y (or y ~ V(C)), then the desired result follows immediately from 
Lemma 2.2. 
If N+(y) N V(C) ¢ 0 and N-(y )  A V(C) ¢ O, then there exists an integer 
j E {1,2 . . . . .  m} such that vj ~ y and y ~ vj+l. Consequently, the set V(C) belongs 
to the (m + 1)-cycle VlV2... vjyvj+l ... vinyl. [] 
Corollary 2.4 (Camion [2]). Every strong tournament contains a Hamiltonian cycle. 
3. Main results 
Theorem 3.1. I f  D is a strongly connected n-partite tournament, then every vertex 
of  D is contained in a longest cycle o lD.  
Proof. Let C = alaz...alal be a longest cycle of D. I f  C is a Hamiltonian cycle, 
then we are done. Hence, assume now that b is an arbitrary vertex of  V(D) -  V(C). 
From Lemma 2.2 we deduce that N+(b)A  V(C) ~ 0 and N-(b) fq  V(C) ~ O. I f  
there is an integer j E { 1,2 . . . . .  l} such that a j_l ~ b and b ~ a j, then D has an 
(l + 1)-cycle, a contradiction. Otherwise, it is easy to see that there exists an integer 
i E {1,2 . . . . .  l} with b ~ ai+l and ai-1 --'+ b. But then b is an element of  the /-cycle 
al ...ai-lbai+l ...alal, and the proof is complete. [] 
Corollary 3.2 (Ayel (cf. [10])). I f  C is a longest cycle of a strongly connected n- 
partite tournament, hen D-  V(C) contains no cycle. 
Proof. Let C = ala2 ...alal, and assume that blb2 ...bkbl is a cycle in D-  V(C). As 
in the proof of Theorem 3.1, we see that there exists an integer i E { 1, 2 . . . . .  l} with 
bl ~ ai+l and ai-I ---+ bt such that bl and a i are in the same partite set. But now both 
of the cases b2 --~ ai and ai ~ b2 yield a contradiction to the fact that C is a longest 
cycle. [] 
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Ayel 's  result also follows from a theorem on lower bound of  the length of a longest 
cycle in a strongly n-partite tournament by Gutin (cf. Theorem 4.11 and Corollary 4.12 
in [9]). 
Theorem 3.3. I f  D is a strongly connected n-partite (n >>. 3) tournament and v an 
arbitrary vertex o f  D, then v is contained in an m-cycle or (m + 1)-cycle for all 
m E {3,4 . . . . .  n}. 
Proof. If  v is an arbitrary vertex of D, then we shall prove by induction that v belongs 
to an m-cycle or (m + 1)-cycle for all m C {3,4, . . . ,n}.  
Since D is strong, Lemma 2.1 implies the desired result for m = 3. 
Now we assume that v belongs to an m- or (m + 1)-cycle for 3 ~< m < n, and 
we have to show that v is also contained in an (m + 1)- or (m + 2)-cycle. If  v lies 
on an (m + 1)-cycle, then we are done. Hence let v be an element of  an m-cycle. 
Because of m < n, we see using Lemma 2.3 that v again is contained in an (m + l ) -  
or (m + 2)-cycle. [] 
Theorem 3.4. Let D be a strongly connected n-partite (n >~ 4) tournament with the 
partite sets V1, V2 . . . . .  V~. I f  I Vii >~ 2 for  all i = 1,2 . . . . .  n, then every vertex v o f  D 
is contained in an (n + 1 )-cycle or an (n + 2)-cycle. 
Proof. From Theorem 3.3 we deduce that every vertex v of  D is contained in an n- 
or (n + 1)-cycle. I f  v lies on an (n + 1)-cycle, then we are at home. Hence, suppose 
that v belongs to an n-cycle C = vlv2...vnvl with v = vl. According to Lemma 2.3, 
we only have to discuss the case that the cycle C contains exactly one vertex of each 
partite set, say vi E Vi for all i = 1,2 . . . . .  n. 
If  there exists a vertex y E V(D) - V(C) with N+(y)  N V(C) = 0 (or N-(y )  N 
V(C) -- 0), then Lemma 2.2 implies that v belongs to an (n + 1)- or (n + 2)-cycle. 
Therefore, there remains the case N+(y) fq  V(C) ~ 0 and N-(y )A  V(C) ~ 0 for all 
vertices y E V(D) - V(C). I f  there is a vertex w E V(D) - V(C) such that Vj_l ~ w 
and w --~ vj for an integer j E {1,2 . . . . .  n}, then v is contained in the (n + 1)-cycle 
V;- l WV; . . . v;-1. 
I f  no such vertex exists, then it is easy to see that v/- i  ~ V/ ~ vi+l for each 
i E {1,2, . . . ,n}.  
Now we consider the induced n-partite tournament D / = D[{Vl,V2 . . . . .  vn, 
bl,bz . . . . .  bn}] with bi c (V i -  vi) for i = 1,2 . . . . .  n. I f  there exists an integer j such 
that bj+l ~ bj, then vjbj+lbjVj+lVj+2.., vj is an (n + 2)-cycle. So we may assume that 
{vi, bi} ~ {Vi+l,bi+l} for each i E {1,2 . . . . .  n}. 
Suppose that there is a vertex a E {vi, bi} with a C N+(v1,D ~) NN- (b1 ,Dt ) .  Then 
i~> 3 and vlablv2 ...vi-)bvi+l ...VnVl is an (n + 2)-cycle, where b E {vi, b i} -  {a}. In 
the case N-(v l ,D  I) A N+(b l ,D ') ¢ O, we analogously find an (n + 2)-cycle 
through vl. 
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Thus, we only need to consider the case N+(Vl,D t) : N+(b j ,D ') and N-(v j ,D ' )  = 
N-(b l ,  D' ). Since the tournaments D1 = D[ { vl , v2 . . . . .  Vn } ] and D2 = D[ { bl , b2 . . . . .  bn } ] 
are strong, by the theorem of Moon [11], the vertex vl lies on a 3-cycle vlvkvtvl in 
' (note that n ~> 4). But D1 and the vertex bl lies on an (n -  1)-cycle blb2.. .bn_lbl  
! I t now vlvkvlblb2b3...b~_lVl is an (n + 2)-cycle. [] 
Corollary 3.5 (Gutin [7]). I f  a strongly connected n-partite (n >1 4) tournament has 
in each partite set at least two vertices, then it has an (n+ 1)-cycle or an (n+2)-cycle. 
Corollary 3.6 (Bondy [1]). I f  a strongly connected n-partite (n >>. 4) tournament has 
in each partite set at least two vertices, then it has an m-cycle with m > n. 
Example 3.7. The 3-partite tournament with the partite sets II1, II2, V3 such that 
Vl ~ V2 --~ V3 ---+ V1, shows that the condition n >/4 in Theorem 3.4 is necessary. 
Example 3.8. Let VI, V2 U {x}, V3 . . . . .  Vn be the partite sets of an n-partite (n >~ 3) 
tournament D. If Vl --~ x, x --~ V/ for 3 ~< i ~< n, and V /~ ~ for 1 ~< i < j  ~< n, then 
D has no m-cycle for m ~> n + 2. This example of Bondy [ 1 ] shows that Theorem 3.4 
is best possible in the sense that we can choose the partite sets arbitrarily large, but 
there exists no m-cycle for m ~> n + 2. 
Theorem 3.9. Let D be a strongly connected n-partite (n >~ 4) tournament with the 
partite sets Vl, V2 . . . . .  Vn. I f  I Vii >>- 2 for all i = 1,2 . . . . .  n and max{8 +, 6 -  }/> 2, then 
every vertex v of  D is contained in an (n + 2)-cycle or an (n + 3)-cycle, where 
8 + and 8-  denote the minimum outdegree and the minimum inde.qree of  D, respec- 
tively. 
We only have a very long and boring proof of Theorem 3.9. Since we hope that it 
is possible to find a more elegant proof or a more general conception, we omit this 
proof. 
Example 3.10. The 3-partite tournament with the partite sets V1, V2 U {x}, V3 such that 
Vi ~ V2 --~ V3 ~ V1 and V3 ~ x --~ V1, shows that the condition n/> 4 in Theorem 3.9 
is necessary, because there is no 5 or 6-cycle through x. 
In addition, Example 3.8 shows that the condition max{8 +, 6-}  ~> 2 in Theorem 3.9 
cannot be weakened. 
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